Abstract. The reduced wave equation for an inhomogeneous medium ib considered. Lowand intermediate-frequency scattering data are assumed to be known exactly for one direction of incidence and all directions of scatter. From these data, the index of refraction in the medium is recovered approximately in two different ways. Moreover, explicit error estimates for the two methods are derived.
Introduction
The inverse scattering problem for wave propagation in an inhomogeneous medium arises in a variety of fields. For example, this problem must be solved in ultrasound imaging of biological tissue, non-destructive inspection of materials and seismic prospecting. Unfortunately, at present, there are no exact methods of solving this problem that are also numerically tractable. Instead, researchers must resort either to iterative schemes that are not well understood, or to approximations of various sorts.
The approximations most often used are those that assume that the scattering is weak in some sense. This kind of assumption has been used by a very large number of authors to derive various inversion methods. References to this work can be found in [l] for acoustics, [2] for elastodynamics and [3] for electrodynamics. A recent publication with references is that of Porter [4]. Generally these inversion methods carry with them no error estimates or precise conditions under which one can be sure of obtaining good answers.
As we will see, it is possible to fill this gap in a number of cases. In this paper, two approximate (weak scattering) inversion methods are rederived and error estimates are obtained for them. In both methods, we will assume that the frequency of the probing wave multiplied by the perturbation in the medium is small in a certain sense. This will be our weak scattering assumption. We will also assume that scattering data are known at low frequencies for a single direction of the incident wave and for all scattered directions. We will see that what is reconstructed is, up to a certain error, a blurred version of the perturbation in the medium. We will obtain explicit blurring functions and explicit error estimates.
The plan of the paper is as follows. In D 2 we set up the problem and show how to recover the perturbation from certain approximations to the data. In B 3 we derive the two approximate inversion methods together with specific blurring functions and error 0266-561 1/88/02O435+ 13 $02.50 @ 1988 IOP Publishing Ltdestimates. The main results are given in theorems 1 and 2. In 9 4 we show how these approximate methods are related to' an inverse scattering integral equation recently derived [5-71.
Background
We consider the equation
where x E R',V' denotes the Laplacian and k is a real scalar. The index of refraction is described by a scalar function n(x) which is assumed to be one for large 1x1. Scattering solutions of (2.1) can be defined by means of the Lippmann-Schwinger equation
where e is a unit vector denoting the direction of the incident plane wave. A solution I+ of (2.2) will sometimes be referred to as a 'wave field' and we will write V ( x ) = 1 -n2(x). We note that this sign convention for V is the opposite of that in [5] .
We will need the following quantity, which is called the scattering amplitude:
It can be measured in either of two ways. The first way is to measure q for very large 1x1 (i.e. use far-field data). For large 1x1,
(2.4) where R denotes xilxl. Ikebe ([8], Lemma 3.2) has given conditions on V under which (2.4) holds. The scattering amplitude can also be measured from near-field data using the formula [9] A(k. e, e') = -(4x)-' where aQ is any smooth surface enclosing the support of V and Y denotes the outward unit normal to 8 2 .
The inverse scattering problem is to recover V (which we will sometimes call the 'potential') from the data A . This problem will be considered under conditions in which the perturbation k2V is small in some sense. Such conditions we call 'weak scattering conditions'.
Under weak scattering conditions, the solution y ( k , e, x) is very nearly equal to the incident wave exp(ike-x). In this case the scattering amplitude is very nearly equal to its Born approximation, which we denote by AB:
where the hat denotes the Fourier transform. We can see from (2.5) that the inverse scattering problem under weak scattering conditions will be closely related to the problem of recovering a function from its Fourier transform. Some Fourier inversion formulae are therefore reviewed next. In what follows, the notation S2 denotes the unit sphere in R3. Lemma 1. Let VE L2(R') and let pdenote its Fourier transform. Then for any e E S', V can be recovered from p by means of the following formula:
Proof, We write the usual inversion formula in spherical coordinates:
We split the angular integral into two parts, the parts corresponding to e * w > 0 and e w<O, respectively. In the part corresponding to e * w <0, we make the change of variables 0--w and s-+ -s. QED
We also recall from reference [lo] a low-pass filtered Fourier inversion formula. To state this formula, we define for any k>O where xk denotes the function that is one inside the ball of radius 2k and zero outside.
Lemma 2.
[lo] Let VE L2(R3) and let p denote its Fourier transform. Then for any k>O,
Next, we use (2.5) to write (2.6) and (2.8) in terms of the Born approximation.
). Then V can be recovered from the Born approximation by the following formula:
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Proof. We use Lemma 1 together with the change of variables w = (e -e')/le -e'l, Having seen from (2.9) and (2.10) that the Born approximation is useful for inverse scattering, we now consider how well the Born approximation AB approximates the true scattering amplitude A . As mentioned above (2.5), A is close to AB under weak scattering conditions. In order to express this precisely, we will need several norms. First, 11 . I/R is [12] We note that the Rollnik norm of V is finite if V is in L'(R3) and I,'@') [12] . We will denote by 11 * /Il and 11 I/* the norms on L' and L', respectively.
, and suppose that lkl< k,, = ( 4 n /~~V~~R ) " 2 .
Then
Proof. We use (2.3) and (2.5) to compute the left-hand side of (2.11):
To (2.12) we apply the Schwarz inequality, obtaining (2.11) (2.12) (2.13)
We use (2.2) to estimate the right-hand side of (2.13). We multiply (2.2) by 1V(x)l"', obtaining the equation For lkl< k,,, I/Kkl/ is less than one, so that (2.14) can be solved by iteration. We obtain (2.17)
We use this again in (2.14), obtaining
We use (2.18) in (2.13) to obtain (2.11). QED
We note that proposition 3 gives us useful information when k'V is small. This would not be the case if the right-hand side of (2.11) were merely of order k'Vfor k2V small, because both A and A B are themselves of order k2V. However, (2.11) tells us that A and A B are closer to each other than they are to zero.
Weak scattering methods 1 and 2
We now consider the inverse scattering problem. In this section we will present two inversion methods. The fact that there are two inversion methods (and probably many more) arises because A is a function of five variables whereas V is a function of only three. These inversion methods are good in the sense that if V is weak enough, the reconstruction is close to being exact. The precise sense in which this is true will be made clear by the estimates.
First we consider an inversion method based on proposition 1. Proposition 1 is only useful under weak scattering conditions (k2V small), but the inversion formula (2.9) involves an integral over all k. We must therefore modify (2.9). To restrict formula (2.9) to sufficiently low frequencies, we introduce a cut-off function a(k) which is zero for lkl larger than some kO<(4;2/11VllR)"'. When we insert a(k) into formula (2.9), we must replace V by a blurred potential which we denote by VI. Specifically, V , ( x , e ) = -$ l:z a(k) 1 AB(k, e, e') exp[ik(e -e') -x] le -e'l' de' dk. The relationship between V and VI can be discovered by inserting (2.5) in (3.1) and interchanging the order of integration. We find that 
c= -k ( e -e ' ) .

Figure 1 shows level curves of B , in the case when a ( k ) is a rectangular function.
We now have an approximate inversion formula (3.1) that uses 3s data the Born approximation AB, However, the Born approximation AB is not what is measured in experiments; rather, what is measured is the scattering amplitude A . In formula (3.1), we therefore replace A B by A . In doing so, we introduce an error, which we denote by R A :
x exp [ik(e -e') -x] le -e'/' de' dk + R A ( x , e). Proof. We compute RA:
In (3.6) we use proposition 3. We then merely compute J& -e'/' de' = 8x to obtain (3.5). QED
We note that our reconstruction formula (3.4) requires only part of the information contained in A ( k , e, e'). In particular, A need be known only for one incident direction. all scattered directions and small frequencies.
Next we consider an inversion method (10) based on proposition 2. In (2.10), we replace A B by A . In doing so, we introduce an error, which we denote by R,,,: holds, with
Proof. We compute RLp:
In (3.9) we use proposition 3 and the fact that to obtain (3.8). QED The reconstruction VLp can also be written as a convolution. This becomes evident when we write in terms of V in (2.7). Then, after an interchange of the order of integration, (2.7) is VLp = B2* V where (3.10)
As noted in [lo], the reconstruction (3.7) takes place at a fixed frequency. At this fixed value of k , the scattering amplitude is a function of four variables. The reconstruction (3.7) is therefore using redundant information.
Connections with an inverse scattering equation
The preceding methods of recovering the potential from the low-and intermediatefrequency scattering amplitude can be obtained from the equation where q' = y is defined by (2.2) and y -is defined by
The function y -satisfies However, (4.1) as it stands is hard to use, because it has infinitely many solutions. These arise because x appears only as a parameter in the solution. Thus for each x , the wave field W(k, *, x) gives a different solution of (4.1). Consequently it is difficult to see in general how to solve for the velocity potential V using this equation. Below, we will show that in the weak scattering limit (4.1) in fact can be used to derive the approximate reconstruction methods of the previous section.
We will use the weak scattering assumption to simplify both sides of (4.1). On the left-hand side, we use (2.2) and (4.3), obtaining
We use the Schwarz inequality several times in estimating R I :
In (4.6) we use (2.17), obtaining for k < k , , = (4n/)lIllR)"* (4.5)
Next we consider the right-hand side of (4.1). For y -we substitute the right-hand side of (4.3), obtaining where We use (4.3) and the Schwarz inequality to estimate R1:
In (4.10) we use (2.17) and carry out the e' integral:
We now see that we can simplify (4.1) with the help of (4.4) and (4.8): To obtain a convolution on the left-hand side of (4.12), we multiply the entire equation by 2ink-? exp( -ike -x), Equation (4.12) then becomes We have proved the following theorem. =O(lxl-"-') for some E > O and let k < (4n/11qlR)"'. Then (4.13) holds, and R1 satisfies (4.16) Theorem 3 gives an approximate inversion scheme for fixed frequency. Equation (4.13) says that a simple integration of the scattering amplitude results in a blurred reconstruction of the potential V. The blurring function is B1, whose level curves are depicted in figure 2.
We note that since (4.13) attempts to reconstruct a function of three variables from a function of two variables, we should not expect (4.13) to give a very accurate result.
We can understand better what information (4.13) is giving us by investigating the case in which Vis very small and k is very large. Specifically, we investigate the large-k behaviour of the convolution B,*V. We do this by the following calculation.
We begin with B p V in the form We write (4.17) in polar coordinates, taking the polar angle 8 to be the angle between e and z . We split the right-hand side of (4.17) into two integrals, each containing a single exponential. In the first we make the substitution U = 1 -cos8; in the second we put U = 1 + cose. We then integrate by parts in the U variable. The boundary terms are the leading-order terms in k-I. These boundary terms are independent of the In (4.22), we carry out the q integral, make the substitutions e--e and e'+ -e'. and use the reciprocity relation A ( k , -e ' , -e) = A ( k , e, e') to obtain (3.7). This calculation allows us to see the connection between (3.7) and (4.13).
W e can also connect (4.13) to (3.4) as follows. First we rewrite B? as (see the calculation below (3.3)). Then to both sides of (4.13) we apply the operator (2n'i)-'e -0. O n each side, the e . 0 operates on exp[ -ik(e -e') * x], bringing down a
